Inspired by an experimental study of energy-minimizing periodic configurations in Euclidean space, Cohn, Kumar and Schürmann proposed the concept of formal duality between a pair of periodic configurations, which indicates an unexpected symmetry possessed by the energy-minimizing periodic configurations. Later on, Cohn, Kumar, Reiher and Schürmann translated the formal duality between a pair of periodic configurations into the formal duality of a pair of subsets in a finite abelian group. This insight suggests to study the combinatorial counterpart of formal duality, which is a configuration named formal dual pair. In this paper, we initiate a systematic investigation on formal dual pairs in finite abelian groups, which involves basic concepts, constructions, characterizations and nonexistence results. In contrast to the belief that primitive formal dual pairs are very rare in cyclic groups, we construct three families of primitive formal dual pairs in noncyclic groups. These constructions enlighten us to propose the concept of even set, which reveals more structural information of formal dual pairs and leads to a characterization of rank three primitive formal dual pairs. Finally, we derive some nonexistence results of primitive formal dual pairs, which are in favor of the main conjecture that except two small examples, no primitive formal dual pair exists in cyclic group.
1 Energy-minimizing configuration and formal duality Let C be a particle configuration in the Euclidean space R n and f : R n → R be a potential function. The energy minimization problem, with respect to the potential function f , aims to find the configuration C ⊂ R n with a fixed density, which possesses the minimal energy measured by f . The energy minimization problem is a natural generalization of the sphere packing problem [4, p. 123] . In general, it is extremely difficult and very few theoretical results are available.
In [4, 5] , the authors considered the energy minimization problem of periodic configurations. Let Λ be a lattice in R n , which is a discrete subgroup of R n . A periodic configuration P = ∪ N j=1 (v j + Λ) is a union of finitely many translations v 1 , v 2 , . . . , v N of the lattice Λ. The density of P is δ(P) = N/covol(Λ), where covol(Λ) = vol(R n /Λ) is the volume of a fundamental domain of Λ. In [5] , the authors conducted an experimental study of energy-minimizing periodic configurations, with respect to the Gaussian potential function G c (r) = e −πcr 2 , for some c > 0. The numerical simulations in [5] suggest that for a pair of Gaussian potential functions G c and S. Li and A. Pott are with Faculty of Mathematics, Otto von Guericke University Magdeburg, Magdeburg 39106, Germany (e-mail: shuxing.li@ovgu.de, alexander.pott@ovgu.de).
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G 1/c , the corresponding pair of suspected energy-minimizing periodic configurations possess a strong symmetry named formal duality [5, Section VI] .
Note that up to a scalar multiple, G 1/c is equal to the Fourier transformation of G c . Thus, formal duality can be stated with respect to a well-behaved potential function f : R n → R and its Fourier transformation f (y) = R n f (x)e −2πi x,y dx,
where ·, · is the inner product in R n . The function f is well-behaved in the sense that the convergence of its Fourier transformation (1.1) is guaranteed. For instance, we may assume f being a Schwartz function. Roughly speaking, for a Schwartz function f : R n → R, |f (x)| decreases rapidly enough to 0 when |x| goes to infinity, so that its Fourier transformation f is well-defined. For a Schwartz function f : R n → R and a periodic configuration P = ∪ N j=1 (v j + Λ) with respect to a lattice Λ ⊂ R n , define the average pair sum of f over P as
which measures the average energy among the differences of pairs in P. Now we proceed to introduce the definition of formal duality. Let Λ ⊂ R n be a lattice with a basis {v 1 , v 2 , . . . , v n }, let L(Λ) = { n i=1 a i v i | a i ∈ R} be the linear span of Λ. Consider a special case of periodic configurations, where P is a lattice Λ and Q is the dual lattice Λ * = {x ∈ L(Λ) | x, y ∈ Z, ∀y ∈ Λ}, in which ·, · is the inner product in R n . Then (1.2) leads to the Poisson summation formula x∈Λ f (x) = 1 covol(Λ) y∈Λ * f (y), which describes the duality between a lattice Λ and its dual Λ * . Thus, the formal duality can be viewed as an extension of the duality between a lattice and its dual.
For a periodic configuration P = ∪ N j=1 (v j + Λ) with respect to a lattice Λ, whether it has a formal dual or not, depends only on the lattice Λ and the translations v j , not on how P is embedded in R n [4, p. 127] . This crucial fact suggests that the formal duality can be interpreted as a phenomenon in finite abelian groups.
Let P = ∪ N j=1 (v j + Λ) and Q = ∪ M j=1 (w j + Γ) be two periodic configurations with respect to two lattices Λ and Γ in R n . Without loss of generality, we assume the zero vector 0 ∈ P and 0 ∈ Q. If P and Q are formally dual to each other, then by [4, Corollary 2.6], P ⊂ Γ * and Q ⊂ Λ * . Thus, Λ is a subgroup of Γ * and Γ is a subgroup of Λ * , so that Γ * /Λ and Λ * /Γ are finite abelian groups [11, Theorem 2.6] . Furthermore, P can be associated with a subset S = {v j | 1 ≤ j ≤ N } of size N in the finite abelian group Γ * /Λ and Q can be associated with a subset T = {w j | 1 ≤ j ≤ M } of size M in the finite abelian group Λ * /Γ [4, p. 129] . By identifying Γ * /Λ with a finite abelian group G and Λ * /Γ with its character group G, the following proposition shows that the formal duality of P and Q, is equivalent to a property between a pair of subsets S ⊂ G and T ⊂ G. where v i , y denotes the evaluation of the character y at the element v i .
Note that Γ * is a finitely-generated free abelian group and Λ is a subgroup of Γ * . By the Stacked Basis Theorem [11, Theorem 2.6] , each abelian group can be realized as a quotient between a lattice Γ * and a proper subgroup Λ. Hence, the above proposition shows that the formal duality between two periodic configurations can be translated into a combinatorial setting, which considers the formal duality of a pair of subsets S ⊂ G and T ⊂ G. A pair of subsets S ⊂ G and T ⊂ G is called a formal dual pair (see Definition 2.1), if they satisfy (1.3). A subset S ⊂ G is called a formal dual set, if there exists a subset T ⊂ G, such that S and T is a formal dual pair. As suggested by the experimental results in [5] , the knowledge of formal dual pairs may bring us a better understanding on energy-minimizing periodic configurations.
There have been some known results concerning formal dual pairs in finite cyclic groups [15, 19, 23] . In this paper, we initiate a systematic investigation on formal dual pairs in finite abelian groups. In Section 2, we give a detailed account of formal dual pairs and summarize some known results. We introduce an equivalent description of formal dual pairs and formal dual sets, where the latter one contain much information of corresponding formal dual pairs (Definition 2.7). Moreover, the concept of equivalence between two formal dual sets is proposed (Definition 2.17). In Section 3, we present three constructions of primitive formal dual pairs in elementary abelian groups and in product of Galois rings (Theorems 3.7, 3. 13 and 3.20) . Observing the close connection between two of these three constructions and the relative difference sets, we propose the concept of even sets in Section 4, which offers a new model for the study of formal dual sets (Definition 4.1). Even sets provide some new insight on the structure of primitive formal dual sets, from which the relation between primitive formal dual sets and (n, n, n, 1) relative difference sets is revealed (Theorem 4.19) . Moreover, even sets provide a new viewpoint on the main conjecture concerning primitive formal dual sets in cyclic groups (Question 1). In Section 5, we derive some nonexistence results on primitive formal dual pairs in favor of the main conjecture (Conjecture 1). Applying all known nonexistence results, we demonstrate that there are only three open cases for primitive formal dual pairs in Z N , with N ≤ 1000 (Remark 5.12). For every abelian group of order up to 45, a computer search either lists all inequivalent primitive formal dual sets in it or establishes a nonexistence result (Remark 5.13). Section 6 is devoted to some concluding remarks.
Fundamental facts about formal dual pairs
Throughout the paper, we always consider finite abelian groups. For a group G, its exponent exp(G) is the order of the largest cyclic subgroup contained in G. The automorphism group of G is denoted by Aut(G). We use 1 to denote the identity element in G when the operation of G is written multiplicatively and use 0 when the operation is written additively. The specific representation of the identity of G is easy to see from the context. Let G be a group and S a subset of G. For each y ∈ G, define the weight enumerator of S at y as
We use Z[G] to denote the group ring. Each element in Z[G] represents a multiset in G.
Given an integer i and
, we use {A} to denote the underlying subset of G corresponding to A and [A] the multiset corresponding to A. For A ∈ Z[G] and g ∈ G, we use [A] g to denote the coefficient of g in A. A character χ of G is a group homomorphism from G to the complex field C. For a group G, we use G to denote its character group. A character χ ∈ G is principal, if χ(g) = 1 for each g ∈ G. A character χ ∈ G is principal on a subgroup H G, if χ(h) = 1 for each h ∈ H. For χ ∈ G and S ∈ Z[G], we use χ(S) to denote the character sum x∈S χ(x). For a more detailed treatment of group rings and characters, we refer to [17] .
According to Proposition 1.2, the definition of formal dual pairs can be phrased in the following way: Definition 2.1. Let S be a subset of G and T be a subset of G. If for each χ ∈ G,
then S and T is a formal dual pair in G and G.
Remark 2.2. By Definition 2.1, the formal duality depends only on the differences generated from S and T . Consequently, formal duality is invariant under translation. Let S and T be a formal dual pair in G and G. Suppose S ′ is a translation of S and T ′ is a translation of T . Then S ′ and T ′ is also a formal dual pair in G and G.
The following example says that a formal dual pair trivially exists in each pair of groups G and G.
Example 2.3. Let H be a subgroup of G. Define H ⊥ = {χ ∈ G | χ principal on H}. Suppose S = H and T = H ⊥ , then S and T is a formal dual pair in G and G.
The following proposition suggests that Example 2.3 is degenerate, in the sense that it can be generated by lifting a formal dual pair in H and H ⊥ .
Proposition 2.4. Let G be a group and H G be a proper subgroup. Let φ : G → H be a projection, with ker(φ) = H ⊥ .
(1) [4, Lemma 4.1] S and T is a formal dual pair in H and H if and only if S and φ −1 (T ) is a formal dual pair in G and G.
(2) [4, Lemma 4.2] Let S and T be a formal dual pair in G and G. Suppose S ⊂ H G. Then S and φ(T ) is a formal dual pair in H and H.
From the perspective of Remark 2.2 and Proposition 2.4, a formal dual pair S ⊂ G and T ⊂ G is nondegenerate if S is not contained in a coset of a proper subgroup of G and T is not contained in a coset of a proper subgroup of G. Moreover, by Remark 2.2 and Proposition 2.4(1), if S is contained in a coset of a proper subgroup H of G, then T is a union of cosets of a nontrivial subgroup H ⊥ in G. Consequently, we have the following concept of primitive subset in a group.
Definition 2.5 (Primitive subset). For a subset S of a group G, S is a primitive subset, if S is not contained in a coset of a proper subgroup of G and S is not a union of cosets of a nontrivial subgroup in G.
Furthermore, we proceed to introduce the concept of primitive formal dual pairs, which was proposed in [4, p. 134] . Definition 2.6 (Primitive formal dual pair). Let S and T be a formal dual pair in G and G. They form a primitive formal dual pair if S is a primitive subset in G and T is a primitive subset in G.
For a formal dual pair, S belongs to the group G and T belongs to the character group G. Note that G and G are isomorphic. In order to facilitate our analysis and construction, we adopt and formalize the idea proposed by Cohen et al. [4, p. 129] , which identifies the two groups G and G. By doing that, we make both S and T subsets of G, which is favorable for our purpose. Next, we provide a rigid description of this identification.
Let ∆ be a group isomorphism from G to G, such that
for some χ y ∈ G. Using this ∆, we can identify the set T ⊂ G with its preimage ∆ −1 (T ) ⊂ G. Consequently, the definition of formal dual pairs can be rephrased in the following way: Definition 2.7. Let ∆ be a group isomorphism from G to G, such that ∆(y) = χ y for each y ∈ G. Let S and T be subsets of G. S and T is a formal dual pair in G under the isomorphism ∆, if for each y ∈ G,
and
Moreover, S and T is a primitive formal dual pair in G, if both S and T are primitive subsets of G. For S ⊂ G, if there exists a subset T ⊂ G such that S and T is a (primitive) formal dual pair in G, then S is called a (primitive) formal dual set in G.
Remark 2.8.
(1) We note that by Lemma 2.19(2) below, if one of S and T is a union of cosets of a nontrivial subgroup in G, then the other one is contained in a coset of a proper subgroup of G. Thus, the fact that neither of S and T is contained in a coset of a proper subgroup of G, guarantees that both S and T are primitive subsets in G.
(2) According to [4, Remark 2.10] , the roles of S and T are interchangeable. Thus, (2.1) holds for each y ∈ G if and only if (2.2) holds for each y ∈ G. Moreover, by the Fourier inversion formula (see Proposition 3.1), the character values of SS (−1) and T T (−1) uniquely determines SS (−1) and T T (−1) , respectively. Together with (2.1) and (2.2), we can see that SS (−1) uniquely determines T T (−1) and vice versa. Thus a formal dual set contains much information of its corresponding formal dual pair. In particular, when we study the nonexistence of primitive formal dual pairs, it suffices to consider the corresponding primitive formal dual sets.
(3) Note that |χ y (S)| 2 and |χ y (T )| 2 are both algebraic integers and rational numbers, therefore they must be nonnegative integers.
Note that there are various isomorphisms between G and G. Below we are going to show that the specific choice of the isomorphism ∆ in Definition 2.7 is not essential. Proposition 2.9. Let ∆ 1 , ∆ 2 be two isomorphisms from G to G. Then S and T is a formal dual pair in G under the isomorphism ∆ 1 if and only if S and ∆ −1
Thanks to the above proposition, when we talk about a formal dual pair S and T in G, we always assume that a specific isomorphism ∆ from G to G is chosen, so that (2.1) and (2.2) hold for each y ∈ G and each χ y = ∆(y). From now on, we always regard a formal dual pair as two subsets of a group G.
The following are the simplest examples of primitive formal dual pairs.
Example 2.10. (The trivial configuration) Let S = T = {1} be subsets of the trivial group G = {1}. Then S and T form a primitive formal dual pair in G.
Then S and T form a primitive formal dual pair in G. This example is called the TITO configuration in [4, p. 131], which stands for "two-in two-out".
Indeed, for primitive formal dual pairs in cyclic groups, we have the following main conjecture. In contrast to the case of cyclic groups, which seems to contain very few primitive formal dual pairs, some infinite families of primitive formal dual pairs are known in noncyclic groups. We summarize all known constructions of primitive formal dual pairs below. Proposition 2.13. In the following cases, there exists a primitive formal dual pair S and T in G.
(1) G = {1}, where S = T = {1} (Example 2.10).
where S = T = {1, g} (Example 2.11).
A primitive formal dual pair possesses strong symmetry, which implies strong restrictions on their existence. We summarize the known necessary conditions about primitive formal dual pairs. An integer a is square-free, if b 2 a holds only when b = 1. For two integers a and b, we use (a, b) to denote their greatest common divisor. Proposition 2.14. Let S and T be a formal dual pair in G. Then the following holds. Now we proceed to deal with the equivalence problem of formal dual pairs. For this purpose, we first introduce more notations.
Since every abelian group G can be expressed as a direct product of cyclic groups, there exists a natural inner product ·, · in G defined as follows.
. . , x t ) ∈ G and y = (y 1 , y 2 , . . . , y t ) ∈ G, the inner product of x and y is
For φ ∈ Aut(G) and each y ∈ G, there exists a unique element y ′ ∈ G, such that φ(x), y = x, y ′ holds for every x ∈ G. Thus, φ induces a bijection φ * on G, such that φ(x), y = x, φ * (y) holds for each x, y ∈ G. By the property of inner product, we can see that φ * ∈ Aut(G) and φ According to Remark 2.2, formal duality is invariant under translation. Let S and T be a formal dual pair in G. The following proposition is a discrete analogue of [4, Lemma 2.4] and [5, Lemma 2] , which says that the action of Aut(G) on a formal dual pair produces a series of essentially the same formal dual pairs. Note that for A ⊂ G and g ∈ G, we use gA to denote the set {ga | a ∈ A}. Proposition 2.16. Let G be a group. Let φ ∈ Aut(G) and φ * be the adjoint of φ. Suppose S and T is a formal dual pair in G. Then φ(S) and (φ * ) −1 (T ) is also a formal dual pair in G.
Proof. Let n = exp(G). Since S and T is a formal dual pair, for each y ∈ G, we have
Moreover, for each y ∈ G,
Therefore, φ(S) and (φ * ) −1 (T ) is also a formal dual pair in G.
Now we are ready to introduce the concept of equivalence between formal dual sets.
Definition 2.17. Let S and S ′ be two formal dual sets in G. They are equivalent if there exists g ∈ G and φ ∈ Aut(G), such that S ′ = gφ(S).
Let S and S ′ be two equivalent formal dual sets in G, such that S ′ = gφ(S) for some g ∈ G and φ ∈ Aut(G). Suppose S and T is a formal dual pair in G. Then by Remark 2.2 and Proposition 2.16, S ′ and T ′ = h((φ * ) −1 (T )) is a formal dual pair in G, for each h ∈ G. Thus, T and T ′ are also equivalent. We regard the above two formal dual pairs as equivalent ones. Moreover, the equivalence between these two formal dual pairs can be reduced to the equivalence between two formal dual sets.
For A ∈ Z[G], we call the multiset
the character spectrum of A, and the multiset
the difference spectrum of A. Clearly, the character spectrum and difference spectrum are invariants with respect to the equivalence. If two formal dual sets have distinct character spectra, or distinct difference spectra, then they are inequivalent. Finally, we mention the following simple criterion to determine the primitivity of a subset. 2 ∈ ker χ. Thus, S is contained in a coset of a proper subgroup ker χ.
We also have the following criteria to determine the primitivity of a formal dual pair.
Lemma 2.19. Let S and T be a formal dual pair in G.
(1) If for a nonidentity y ∈ G\{1}, ν S (y) = |S| or ν T (y) = |T |, then S and T is not a primitive formal dual pair.
(2) Let H be a nontrivial subgroup of G. If one of S and T is a union of cosets of H, then the other one is contained in a coset of a proper subgroup of G. Thus, S and T is not a primitive formal dual pair.
Proof.
(1) Without loss of generality, assume that ν S (y) = |S|, where y ∈ G \ {1}. By (2.2), |χ y (T )| 2 = |T | 2 for a nonprincipal χ y ∈ G. By Lemma 2.18, T is not a primitive subset. Therefore S and T is not a primitive formal dual pair.
(2) Let ∆ : G → G be a group isomorphism, such that ∆(y) = χ y for each y ∈ G. Without loss of generality, assume that S is a union of cosets of a nontrivial subgroup H. Let L = ∆ −1 (H ⊥ ), which is a proper subgroup of G. Therefore, for each y ∈ G \ L, the character χ y is nonprincipal on H. Note that S is a union of cosets of H. For any y ∈ G \ L, we have χ y (S) = 0, which implies ν T (y) = 0. Thus, for any t 1 , t 2 ∈ T ,
This means that T is contained in a coset of a proper subgroup L and therefore not a primitive subset. Thus, S and T is not a primitive formal dual pair.
3 Constructions of primitive formal dual pairs
Preliminaries
In this subsection, we introduce some basic knowledge involving group characters and the Fourier inversion formula. For a more detailed treatment, please refer to [17] .
Let G denote the character group of a group G. Each character χ ∈ G is extended linearly to the group ring Z[G]. Given A ∈ Z[G], the following proposition shows that the character values of A uniquely determine A.
Proposition 3.1 (Fourier inversion formula). Let G be a group and let
Then for each g ∈ G, we have
Let N be a normal subgroup of G and ρ :
Finally, we mention a product construction of formal dual pairs.
As we shall see, this product construction provides a powerful approach to generate inequivalent primitive formal dual pairs in the same group.
Construction from relative difference sets
We observe that the primitive formal dual sets S and T in Proposition 2.13(3), are simply some well-studied configuration called relative difference sets (RDSs). Next, we introduce some basic knowledge about RDSs. For a more detailed treatment, we refer to [17] . Definition 3.3. Let G be a group of order mn and N be a subgroup of order n. A k-subset R ⊂ G is an (m, n, k, λ) relative difference set in G, relative to N , if
We notice that the primitive formal dual sets S and T in Proposition 2.13(3), are both (p, p, p, 1)-RDSs in Z p × Z p . Therefore, we are particularly interested in (n, n, n, 1)-RDS, which has been intensively studied.
We observe that when p is odd, all known (p m , p m , p m , 1)-RDSs live in the elementary abelian group Z 2m p . Below, we give two examples of (n, n, n, 1)-RDSs. Note that the definition of Teichmüller set can be found at the beginning of the next subsection. 
We regard the elementary abelian group Z m p as the additive group of finite field F p m , so that the multiplication among elements of Z m p is well-defined.
Remark 3.6.
(1) Example 3.5(1) has been generalized in [24] using planar functions over characteristic 2.
(2) The above examples can be rephrased using the language of presemifields (see [18, Construction 8.8] ). There are many known presemifields which produce numerous (n, n, n, 1)-RDSs [13] , [18, Sections 8.2, 8.3] .
Let ∆ : G → G be an isomorphism with ∆(y) = χ y for each y ∈ G. Recall that for each subgroup N of G, N = {y ∈ G | χ y principal on N }. Thus, we have y = 1 if and only if χ y is principal on G, y ∈ N \ {1} if and only if χ y is nonprincipal, but principal on N , y ∈ G \ N if and only if χ y is not principal on N . Now, we are ready to extend the construction in Proposition 2.13(3) from the viewpoint of RDSs.
Theorem 3.7. Let S be an (n, n, n, 1)-RDS in G relative to N . Then S and T form a primitive formal dual pair in G, if and only if T is an (n, n, n, 1)-RDS in G relative to N . More concretely,
(1) When n is even, let R be the Galois ring GR(4, m), whose additive group is Z 
Proof. Since S is an (n, n, n, 1)-RDS in G relative to N , by definition,
By Proposition 2.14(1), we have |T | = n. By Definition 2.7, S and T form a formal dual pair if and only if
which says T is an (n, n, n, 1)-RDS in G relative to N . Since both S and T are RDSs, they cannot be a coset of a proper subgroup of G. Thus, S and T is a primitive formal dual pair and therefore, the necessary and sufficient condition is proved.
When n is even, we may choose
where p is an odd prime. By Example 3.5, we complete the proof.
Remark 3.8. Let p be an odd prime. By Example 3.5(2), f (x) = x 2 is a planar function from Z p to Z p . Applying Theorem 3.7(2), we recover the primitive formal dual pairs in Proposition 2.13(3).
The following two examples show that by applying the product construction to (n, n, n, 1)-RDSs and products of the TITO configurations, we can obtain many inequivalent primitive formal dual pairs in one group. and 4 . Then by the product construction, S 1 × S 2 and
Since the multiplicity of 4 m is 1, by Lemma 2.18, S 1 × S 2 and T 1 × T 2 is a primitive formal dual pair in G. Moreover, since the multiplicity of 0 is equal to 4 m − 3 m1 (4 m2 − 2 m2 + 1), distinct choices of 0 ≤ m 1 ≤ m yield distinct character spectra of S 1 × S 2 and T 1 × T 2 . Thus, there are at least m + 1 inequivalent primitive formal dual pairs in Z 
. Then by the product construction, S 1 × S 2 and
Since the multiplicity of p 2m is equal to 1, by Lemma 2.18,
Construction from generalized relative difference sets
In this subsection, we aim to extend the construction in Proposition 2.13 (4) . Although the primitive formal dual sets in that construction are not RDSs any more, we realize they are indeed some natural extensions of RDSs. Next, we introduce the concept of generalized relative difference sets (GRDSs), which live in the product of Galois rings. For this purpose, we first recall some basic facts about Galois rings. For a more detailed treatment, please refer to [20] .
Let p be a prime and t be a positive integer. Let f ∈ Z p t [x] be a monic polynomial of degree s such that the image of f under the natural projection
. In this section, we always use R to denote the Galois ring GR(p t , s).
The group of units R 0 contains a unique cyclic subgroup of order p s − 1, which is denoted by T * . The Teichmüller set of R is T = T * ∪ {0}. Each x ∈ R can be uniquely expressed as
The Frobenius automorphism σ of the Galois ring R is defined to be
where
For each x ∈ R, the trace function from R to Z p t is defined as
For each a ∈ R, we can define a character χ a from R to C, such that χ a (x) = ζ Tr(ax) p t
for each x ∈ R, where ζ p t is a primitive p t -th root of unity. Moreover, the set {χ a | a ∈ R} contains all characters on R. For 0 ≤ i ≤ t, it is easy to see that
and χ a (R t ) = 1. Now we are ready to define the generalized relative difference sets.
Equivalently,
for each (x, y) ∈ R × R, where ζ p t is a primitive p t -th root of unity. Indeed, {χ a,b | a, b ∈ R} is the set of all characters on R × R. The following proposition describes GRDSs from the viewpoint of their character values.
Proof. It suffices to prove the first equation since the second one is analogous. By Definition 3.11,
Therefore,
To compute |χ a,b (S)| 2 , we are going to use (3.1) and (3.2) frequently below.
Now we are ready to extend the construction in Proposition 2.13(4) from the viewpoint of GRDSs.
Proof. By Proposition 3.12, we have
By Definition 2.7, S and T form a formal dual pair in G if and only if
which, by Definition 3.11, says T is a GRDS in G relative to
Since both S and T are GRDSs, they cannot be a coset of a proper subgroup of G. Thus, S and T is a primitive formal dual pair. Note that S satisfies
Comparing (3.3) and (3.4), we can choose
Let p be an odd prime and R = GR(p t , s). The following proposition shows that there exists a GRDS in R × R.
Proposition 3.14. Let p be an odd prime. Let R = GR(p t , s) be a Galois ring and
Note that bz 2 = 0 for each z ∈ (p t−vp(b) ). Therefore,
Consequently,
By Proposition 3.12, S is a GRDS in G relative to
Combining Theorem 3.13 and Proposition 3.14, we have the following corollary.
Corollary 3.15. Let p be an odd prime. Let R = GR(p t , s) be a Galois ring and
2 ) | x ∈ R} and T = {(x 2 , x) | x ∈ R}. Then S and T is a primitive formal dual pair in G.
Remark 3.16.
(1) Applying Corollary 3.15 with s = 1, we reproduce the primitive formal dual pairs of Proposition 2.13(4), which live in Z p t × Z p t .
(2) In Proposition 3.14, if p = 2, then S is not a GRDS in G.
Construction from skew Hadamard difference sets
The following is a construction related to skew Hadamard difference sets. We first give a brief account about skew Hadamard difference sets. For a more detailed treatment, please refer to [1, Chapter VI, Section 8].
We mention some known results about skew Hadamard difference sets as follows. 
} is a skew Hadamard difference set in the character group G. 
By Proposition 3.18, the dual set D * is a skew Hadamard difference set in Z 
For
Then S and T is a primitive formal dual pair in G.
Proof. Let Z 
Employing the above equation, it is routine to verify that
On the other hand, for each a,
Below, we are going to use Lemma 3.19 frequently.
If a + αb = 0, then a + βb = 0 and
Similarly, if a + βb = 0, we also have
Hence, S and T is a formal dual pair. By the above equation and Lemma 2.18, S is not contained in a coset of a subgroup in G. Remark 3.21. We remark that the primitive formal dual pairs in Theorem 3.20 are inequivalent to those in Theorem 3.7(2), since they have distinct character spectra. Moreover, there are numerous constructions of skew Hadamard difference sets in elementary abelian groups, see [6, 7, 8, 10, 16, 22] It is worthy noting that this example is the first known primitive formal dual pair, in which the sizes of two primitive formal dual sets are not equal.
Even set: a new model
The constructions in the last section suggest the close connection between primitive formal dual sets and the RDS-related structures. A natural question is the exact relation between a primitive formal dual set and an (n, n, n, 1)-RDS. In this section we answer this question by proposing the concept of even sets as a new model for the study of formal dual sets, which includes RDSs and GRDSs as special cases. As we shall see, even sets provide more structural information of primitive formal dual sets. In addition, we shed some new light on Conjecture 1, by observing its connection to the nonexistence result of RDSs in cyclic groups.
Even set and formal dual set
We first propose the concept of even sets.
Definition 4.1. Let G be a group and H i , 1 ≤ i ≤ r, be subgroups. Let S be a subset of G, satisfying
where λ i , 1 ≤ i ≤ r, are nonzero integers. Then S is called an even set with respect to H i , 1 ≤ i ≤ r. Moreover, if r is the smallest integer such that a decomposition (4.1) holds, we call r the rank of the even set S.
We remark that Definition 4.1 covers many well-studied configurations as special cases.
Example 4.2. Let D be a (v, k, λ) difference set in a group G, satisfying 1 < k < v. By Definition 3.17, we have
Note that k > λ and λ > 0. Therefore, D is a rank two even set in G, with respect to a chain of subgroups {1} G.
Example 4.3. Let R be an (m, n, k, λ)-RDS in a group G relative to N with n > 1 and k > 1. By Definition 3.3, we have
where λ > 0 and N = {1}, N = G. Thus, R is a rank three even set in G, with respect to a chain of subgroups {1} N G.
Example 4.4. Let R = GR(p t , s) and let S be a GRDS in R×R relative to {R i ×(p i ) | 0 ≤ i ≤ t}. By Definition 3.11, we have
S is an even set of rank 2t + 1 in R × R, with respect to a chain of subgroups
For y ∈ G of order l, it generates a cyclic group y of order l. We define the orbit generated by y as orb(y) = {y i | i ∈ Z * l }, where Z * l is the set of multiplicative units in Z l . Namely, orb(y) consists of all elements in y having the same order as y. The following proposition presents an alternative description of even sets, for which we give a sketch of proof.
Proposition 4.5. Let S be a subset of a group G. S is an even set in G if and only if for each y ∈ {SS
(−1) }, the weight enumerator ν S is constant on orb(y). Equivalently, S is an even set in G if and only if the multiset [SS (−1) ] is a union of orbits in G.
Sketch of proof. For x, y ∈ G, define a relation x ∼ y if x ∈ orb(y). It is routine to verify that this relation is an equivalence relation. Thus, the group G and each subgroup of G, can be partitioned into a disjoint union of orbits. If S is an even set in G, then SS (−1) = i λ i H i , where H i is a subgroup of G. Since each H i can be partitioned into a disjoint union of orbits, then [SS (−1) ] is a union of orbits. Thus, for each y ∈ {SS (−1) }, ν S is constant on orb(y). Conversely, if ν S is constant on orb(y) for each y ∈ {SS (−1) }, then [SS (−1) ] is a union of orbits. For each orbit orb(y), by the inclusion and exclusion theorem, we can see that orb(y) = i µ i L i , where L i is a subgroup of y . Consequently, SS (−1) can be decomposed into a summation of subgroups of G and therefore, S is an even set in G.
In order to build the connection between formal dual set and even set, we need Lemma 4.6. Each i ∈ Z * l corresponds to a Galois automorphism σ i ∈ Gal(Q(ζ l )/Q), where σ i (ζ l ) = ζ i l and ζ l is a primitive l-th root of unity. Recall that for each χ y ∈ G, we have a natural projection ρ : G → G/ ker χ y . The character χ y induces a character χ y on G/ ker χ y , satisfying χ y (ρ(g)) = χ y (g) for each g ∈ G.
Lemma 4.6. Let G be a group and y ∈ G of order l. Let ∆ be an isomorphism from G to G, such that ∆(g) = χ g for each g ∈ G. Let ρ : G → G/ ker χ y be a natural projection. Then (1) χ y is a character of order l. For each i ∈ Z * l and g ∈ G, we have σ i (χ y (g)) = χ y (g i ).
(2) χ y has order l and generates the character group G/ ker χ y , which is isomorphic to Z l . For each i ∈ Z * l and h ∈ G/ ker χ y , we have σ i (χ y (h)) = χ y (h i ).
(1) Since ∆ is a group isomorphism, then χ y has order l. For each i ∈ Z * l and g ∈ G, we have
(2) By the definition of χ y , we can easily see that χ y has order l. Note that χ y : G → {ζ
Consequently, the character group G/ ker χ y is isomorphic to Z l and has a generator χ y . For each i ∈ Z * l and h ∈ G, we have
Let S and T be a formal dual pair in G. By Remark 2.8(3), |χ(S)| 2 and |χ(T )| 2 are integers for each χ ∈ G. The following proposition extends Proposition 2.14(3). Proposition 4.7. Let S be a subset of a group G, such that |χ(S)| 2 is an integer for each χ ∈ G. Let y ∈ G be an element of order l. Then the following holds:
(2) Furthermore, suppose S and T is a formal dual pair in G. Then for each i ∈ Z * l , ν S (y i ) = ν S (y) and ν T (y i ) = ν T (y).
(1) By Lemma 4.6(1), χ y has order l. For each i ∈ Z * l , we have
(2) Let ∆ be the isomorphisms from G to G, such that ∆(g) = χ g for each g ∈ G. For each y ∈ G of order l and each i ∈ Z * l , note that χ y i = ∆(y i ) = ∆(y) i = χ i y . Applying (1), we have
By formal duality and (2.1), for each y ∈ G of order l and i ∈ Z * l , we have ν T (y i ) = ν T (y). Interchanging the roles of S and T , for each y ∈ G of order l and i ∈ Z * l , we have ν S (y i ) = ν S (y).
As an immediate consequence of Proposition 4.5 and Proposition 4.7(2), we have the following corollary.
Corollary 4.8. Each formal dual set is an even set.
We define the rank of a formal dual set to be its rank as an even set. In the sense of Definition 2.17, two equivalent formal dual sets have the same rank. If S is a formal dual set in G, which is an even set with respect to subgroups H i , 1 ≤ i ≤ r, then we call S a formal dual set in G with respect to subgroups
The following proposition describes a necessary and sufficient condition for a pair of even sets being formal dual. Theorem 4.9. Let G be a group. The following two statements are equivalent.
(1) S and T is a formal dual pair in G.
(2) S and T are even sets of rank r, such that
where H i , 1 ≤ i ≤ r, are subgroups of G and
Proof. We first prove (1) implies (2). Since S and T is a formal dual pair, then by Corollary 4.8, S and T are both even sets. Suppose S has rank r, then we can assume
where H i , 1 ≤ i ≤ r, are subgroups of G and λ i , 1 ≤ i ≤ r, are nonzero. Note that for each
For each y ∈ G, we define a subset I y ⊂ {1, 2, . . . , r}, such that y ∈ (∩ i∈Iy H i ) \ (∪ j / ∈Iy H j ). Combining (2.1), (4.2) and (4.4), we have
Thus, the rank of T is no more than r. By interchanging the roles of S and T , we can see the ranks of S and T are both r. Conversely, assume (2) holds. An analogous argument shows that (2) The following lemma describes more structural restrictions on a primitive formal dual set.
Lemma 4.11. Let S and T be a primitive formal dual pair. Let S be a primitive formal dual set in G, with respect to
Then we have (1) The group generated by H 1 , H 2 , . . . , H r is G.
Proof. (1) Let H be the group generated by H 1 , H 2 , . . . , H r . Assume H is a proper subgroup of G. Since
for each nonprincipal χ ∈ G, which is principal on H, we have |χ(S)| 2 = |S| 2 . By Lemma 2.18, S is not primitive, which is a contradiction.
(2) By Theorem 4.9, we have
where λ i = 
For a primitive formal dual set with respect to a chain of subgroups, we can derive much more detailed information.
Proposition 4.12. Let S and T be a primitive formal dual pair in G. Let S be a primitive formal dual set in G, with respect to a chain of subgroups H 1 H 2 · · · H r . Then T is a primitive formal dual set in G, with respect to a chain of subgroups
Furthermore, the following holds.
(1) H 1 = H r = {1} and H r = H 1 = G.
Moreover,
(4) |G| is a square and |S| = |T | = |G|.
Then the conclusion follows from Lemma 4.11 (1)(2). Now we proceed to prove (2) and (4). For 2 ≤ l ≤ r, choose g ∈ H l such that g / ∈ H l−1 . Together with the primitivity of S, we have 0
, let χ ∈ G be a character which is principal on H l and nonprincipal on H l+1 . Together with the primitivity of S, we have 0
Thus, we have proved the first two statements of (2), which imply that 1 ≤ λ 1 , λ r ≤ |S|. By interchanging the roles of S and T , we have 1 ≤ λ 1 , λ r ≤ |T |. Recall that λ i = λi|G||Hi| |S| 3
for each 1 ≤ i ≤ r. We have
which implies λ 1 = |S|, λ r = 1 and |G| = |S| 2 . Together with |G| = |S||T |, we have |G| is a square and |S| = |T | = |G|.
(3) can be proved in a similar manner as above.
Remark 4.13. We observe that Proposition 4.12(4) still holds in a more general setting, where the subgroups satisfy H 1 = {1}, H r = G and | ∩ r i=2 H i | > 1. Moreover, the primitive formal dual pairs derived in Theorems 3.7 and 3.13 fit the model of Proposition 4.12. The primitive formal dual pairs in Theorem 3.20 seem to be more complicated.
Primitive formal dual sets with small rank
In this subsection we focus on primitive formal dual sets with small rank. We give a characterization of primitive formal dual sets of rank at most three. In particular, the rank three case reveals the relation between a primitive formal dual set and an (n, n, n, 1)-RDS.
Let S be a primitive formal dual set in G, with respect to
The following definition provides a crucial viewpoint on the relation among the subgroups H i . Proof. Suppose otherwise that H 1 , H 2 are exactly the two maximal subgroups among H i , 1 ≤ i ≤ r. Thus, for each s 1 , s 2 ∈ S, we must have s 1 s −1 2 ∈ H 1 ∪ H 2 . Given a z ∈ S, we claim that there exist x ∈ S such that xz −1 ∈ H 1 \ H 2 . Suppose otherwise, that xz −1 ∈ H 2 for each x ∈ S, then S is contained in the coset zH 2 and S is not primitive. Similarly, we can show that there must be y ∈ S such that zy −1 ∈ H 2 \ H 1 . However, we have
which yields a contradiction. Suppose otherwise that H 1 , H 2 are exactly the two minimal subgroups among H i , 1 ≤ i ≤ r. Let S and T be a primitive formal dual pair in G. By Theorem 4.9, T is a primitive formal dual set in G, with respect to H i , 1 ≤ i ≤ r. which contains exactly two maximal subgroups H 1 , H 2 . This leads to a contradiction against the above conclusion.
We shall see that it is easy to characterize primitive formal dual sets of rank one and two. Proof. Let S be a primitive formal dual set of rank one in G, with respect to H, satisfying SS (−1) = λH. By Lemma 4.11(1)(2), we have H = {1} = G. Thus, S = {1}. 
This is impossible since the coefficients of 1 on both sides do not match.
Now we proceed to consider the characterization of rank three primitive formal dual sets. Let S be a formal dual set of rank r in G, with respect to H i , 1 ≤ i ≤ r. Let I be a subset of {1, 2, . . . , r}, define
To simplify our notation, for instance, we may simply use S 12 to represent the set S {1,2} . The following is a preparatory lemma.
Lemma 4.18. Let S be an even set of rank three, with respect to three subgroups
λ t H t and {i, j, l} = {1, 2, 3}. Then we have the following.
(1) One of S i and S jl is empty.
(2) Suppose S i = ∅. Then for x, y ∈ S j , we have xy
Proof. Since S has rank three and H 1 , H 2 , H 3 are three maximal subgroups, then for any x, y ∈ S, xy
Without loss of generality, we assume 1 ∈ S.
(1) Suppose otherwise, that x ∈ S i and y ∈ S jl . Then xy −1 / ∈ H 1 ∪H 2 ∪H 3 , which contradicts to the property of even sets.
(2) Suppose z ∈ S i . Then xz −1 , zy
and S 3 are all nonempty, there exists w ∈ S l . A similar argument shows that
(3) (4.6) follows from (4.5) and (2). Assume there exists
. Then by (4.6), we have xy
Since H 1 , H 2 and H 3 are three maximal subgroups, there exists a nonprincipal character χ which is principal on H 1 and nonprincipal on H 2 and H 3 . Thus, |χ(S)| 2 = λ 1 |H 1 | ≥ 0, which implies λ 1 > 0. Similarly, we can show that λ t > 0 for each 1 ≤ t ≤ 3. By the maximality of subgroups, there exists x ∈ H i \ H j and y
For primitive formal dual sets of rank three, we have the following characterization.
Theorem 4.19. If S is a primitive formal dual set of rank three in G, then S is an (n, n, n, 1)-RDS in G with n > 1.
Proof. Suppose S is a primitive formal dual set of rank three in group G, with respect to three subgroups H i , 1 ≤ i ≤ 3. Then there exists a primitive formal dual pair S and T in G, and both S and T have rank three. Throughout the proof, we assume without loss of generality that |G| ≤ |S| 2 . Otherwise, if |G| > |S| 2 , we can switch the roles of S and T . Let
where 
Consequently, we have n > 1 and
where H 2 is a subgroup of G of order n, and therefore, S is an (n, n, n, 1)-RDS in G relative to H 2 , with n > 1. Below, we assume that each subgroup H i , 1 ≤ i ≤ 3 is both maximal and minimal. Without loss of generality, we assume that 1 ∈ S, thus S ⊂ H 1 ∪ H 2 ∪ H 3 and S = 1 + S 1 + S 2 + S 3 + S 12 + S 13 + S 23 . We claim that S 1 = ∅. In fact, by Lemma 4.18(4), there exists x, y ∈ S, such that xy
Otherwise, consider the translation y −1 S, we have 1 ∈ y −1 S and xy
Replacing S with y −1 S, we have 1 ∈ y −1 S and (y −1 S) 1 = ∅. Thus, by taking a proper translation if necessary, we can assume S 1 = ∅. Next, we split our discussion into three cases. Case I: S 2 = ∅ and S 3 = ∅. By Lemma 4.18(1), we have S 12 = S 13 = S 23 = ∅. So, S = 1 + S 1 + S 2 + S 3 . By Lemma 4.18(2), we have |S 1 | = |S 2 | = |S 3 | = 1 and therefore, |S| = 4. By Lemma 4.18(4), λ 1 , λ 2 , λ 3 > 0. Note that λ 1 + λ 2 + λ 3 = 4, we may assume without loss of generality that λ 1 = λ 2 = 1 and λ 3 = 2. Let S = 1 + a 1 + a 2 + a 3 , where
Thus, H 3 ∼ = Z 3 and H 3 = 1+a 3 +a
2 , we have 1+2a 1 +2a
, which is impossible. Case II: S 2 = ∅ and S 3 = ∅. By Lemma 4.18(1), S = 1 + S 1 + S 12 + S 13 ⊂ H 1 . This leads to a contradiction with the primitivity of S.
Case III: One of S 2 and S 3 is empty. Without loss of generality, assume S 3 = ∅. By Lemma 4.18(1), we have S 13 = S 23 = ∅. So, S = 1 + S 1 + S 2 + S 12 . Therefore,
By (4.5) and Lemma 4.18, we have
By Lemma 4.18(4), we have
, which implies xz ∈ S 3 , contradicting to
, considering S ′ and using an analogous approach as above, we can show that λ 2 ≤ 2. Similarly, suppose y ∈ S 2 and consider S ′′ = y −1 S. Then we can show that λ 1 ≤ 2. Thus, we have 1 ≤ λ i ≤ 2, 1 ≤ i ≤ 3 and therefore, 3 ≤ |S| ≤ 6.
Thus, the problem has been reduced to finitely many cases, for which we need to characterize rank three primitive formal dual sets S in G, with 3 ≤ |S| ≤ 6 and |G| ≤ |S| 2 ≤ 36. Let S and T be a primitive formal dual pair in G. By Propositions 2.14(1) and Theorem 4.9, T is a rank three primitive formal dual set in G, satisfying 3 ≤ |G| |T | ≤ 6 and |T | 2 ≤ |G| ≤ 36. Now we proceed to do a computer search, which leads to Table 6 .1 in Appendix A. Up to equivalence, Table 6 .1 covers every rank three primitive formal dual set T in G satisfying the above conditions, which is marked by ⋆. We can see that each of them is an (n, n, n, 1)-RDS in G with n > 1. Moreover, by Definition 2.17, every set equivalent to T must be an (n, n, n, 1)-RDS in G with n > 1. Thus, by Theorem 3.7, S is an (n, n, n, 1)-RDS in G with n > 1 and we complete the proof.
We note that a theoretical proof tackling the finitely many cases in detail, is presented in Appendix B.
Remark 4.20. By Example 4.3, each RDS S in G with |S| > 1 is an even set of rank three. Being primitive formal dual set forces S to be an (n, n, n, 1)-RDS in G with n > 1. Now, we illustrate how the characterization of rank three primitive formal dual sets can provide a new viewpoint towards Conjecture 1. We begin with the following proposition, which is a direct consequence of [17, Theorem 4.1.1].
Proposition 4.21. Let R be an (n, n, n, 1)-RDS in cyclic group Z n 2 . Then one of the following holds.
(1) n = 1 and R = {1} is the trivial RDS in the trivial group G = {1}.
(2) n = 2 and up to equivalence, R = {1, g} is a (2, 2, 2, 1 
We recall that when N is a prime power, Conjecture 1 was proved in [19] and [23] . The author of [23] essentially showed that a primitive formal dual set in the cyclic group Z 2 2k with k ≥ 1 must have rank three. By Theorem 4.19, such a primitive formal dual set must be a (2 k , 2 k , 2 k , 1)-RDS in Z 2 2k , for which there is only one example described in Proposition 4.21 (2) . In light of this observation, it may not be a coincidence that Proposition 4.21 exactly captures the only two primitive formal dual sets in cyclic groups: Proposition 4.21(1) corresponds to the trivial configuration and Proposition 4.21(2) corresponds to the TITO configuration. Finally, we propose the following question. 
Nonexistence of primitive formal dual pairs
In this section, we derive some nonexistence results on primitive formal dual pairs, which provide more supportive evidence towards Conjecture 1.
Let G be a group of order N and p a prime divisor of N . We use G p to denote the Sylow p-subgroup of G. For a primitive formal dual pair S and T , define
.
The following theorem suggests that the divisibility property of weight enumerators implies some restrictions on the size of S and T .
Theorem 5.1. Let S and T be a primitive formal dual pair in a group G. Then for each y ∈ G, b S ν S (y) and b T ν T (y). Let p be a prime divisor of |G| such that G p is cyclic. Suppose there exists a positive integer r, such that p r a S . Then we have
Suppose there exists a positive integer r ′ , such that p r ′ a T . Then we have
Proof. By Remark 2.8(3), in order to ensure that |χ y (T )| 2 being an integer, for each y ∈ G, we must have b S ν S (y). Similarly, for each y ∈ G, we have b T ν T (y). Below, we only prove the first inequality since the second one is analogous. By (2.1), p r a S implies p r |χ y (S)| 2 for each y ∈ G. Since G p is cyclic, by Ma's Lemma [14] (see also [1, Chapter VI, Corollary 13.5]), we have
where X, Y ∈ Z[G] have nonnegative coefficients and P is the unique cyclic subgroup of order p in G p . By (2.2), Since b S ν S (y) for each y ∈ G, we have 
Indeed, since S and T is a primitive formal dual pair and g is nonidentity, by Lemma 2.18, we have ν
As a direct consequence of Proposition 4.7, we have the following corollary.
Corollary 5.2. Let S and T be a formal dual pair in G. Let y ∈ G be an element of prime order p. Define H y = G/ ker χ y . Let ρ y : G → H y be a natural projection. Then we have
Proof. By Lemma 4.6(2), the character χ y induces a character χ y on H y of order p, such that for each g ∈ G, χ y (ρ y (g)) = χ y (g). By Proposition 4.7(1), for each i ∈ Z * p ,
By Lemma 4.6(2), the character χ y generates the character group H y ∼ = Z p and { χ y i | i ∈ Z * p } is exactly the set of all nonprincipal characters on H y . Using the Fourier inversion formula, we have
By interchanging the roles of S and T , we complete the proof.
The next theorem follows from Corollary 5.2, which provides some restrictions on the weight enumerators of S and T . Theorem 5.3. Let S and T be a primitive formal dual pair in a group G. Let p be a prime divisor of |G|. Let y ∈ G be an element of order p. Then
are positive integers. In particular, if p ∤ |S|, we have (|S| 2 , |T |) > p and if p ∤ |T |, we have
The next example illustrates how to combine Theorem 5.3 and Proposition 5.6 to derive the nonexistence of some primitive formal dual pairs.
Example 5.7. We are going to show there exists no primitive formal dual pair S and T in G = Z 180 , with |S| = 6 and |T | = 30. Suppose otherwise, let y ∈ G be a nonidentity element of order 5 and χ y ∈ G be a character corresponding to y. By Theorem 5.3, we have ν T (y) = 5 and therefore |χ y (S)| 2 = 6. Let ρ y : G → H be the natural projection, where H = G/ ker χ y ∼ = Z 5 by Lemma 4.6 (2) . Note that χ y induces a character χ y defined on H, such that |χ y (S)| 2 = | χ y (ρ y (S))| 2 . Note that a S = 6 and by Proposition 5.6, we have 6 | χ y (ρ y (S))| 2 ∈ Z[ζ 5 ]. Since both 2 and 3 are primitive roots modulo 5, by Proposition 5.6(2), we have 2 2 | χ y (ρ y (S))| 2 and 3 2 | χ y (ρ y (S))| 2 , which implies 36 | χ y (ρ y (S))| 2 . Therefore, we have 36 |χ y (S)| 2 , which contradicts to |χ y (S)| 2 = 6.
Under the self-conjugate assumption, we have the following theorem, which extends Proposition 2.12(10).
Theorem 5.8. Let G be a group so that a prime p |G| and G p is cyclic. Let p be self-conjugate modulo exp(G). Suppose S and T is a primitive formal dual pair in G, with p l1 |S| and p l2 |T |.
Proof. Without loss of generality, we assume l 1 ≥ l 2 ≥ 0. By (2.1), for each y ∈ G, we have
It is easy to verify that except l 1 = l 2 = 1, we have p 2 |χ(S)| 2 for each χ ∈ G. When l 1 = l 2 = 1 does not hold, since p is self-conjugate module exp(G), by [1, Chapter VI, Lemma 13.2], p χ(S) for each χ ∈ G. Note that G p is cyclic, by Ma's Lemma [14] , we have
where X, Y ∈ Z[G] and P is the unique cyclic subgroup of order p in G p . Since S is a set, then X = 0. Thus S = P Y . By Lemma 2.19(2), S and T is not a primitive formal dual pair.
We observe that the TITO configuration satisfies the conditions in the above theorem, where G = Z 4 and p = 2.
We proceed to show that the structural information of group G provides a lower bound on the size of a primitive subset in G. The minimal number of generators of G, is the smallest possible size of a subset in G, which generates G. Proposition 5.9. Let S be a primitive subset in G. Suppose the minimal number of generators of G is s. Then |S| ≥ s + 1.
Proof. With out loss of generality, we can assume that 1 ∈ S. Since the minimal number of generators of G is s, if |S| < s + 1, then the elements of S generate a proper subgroup of G. Therefore, S is contained in a proper subgroup of G and not a primitive subset.
Below we present an exponent bound for the groups containing primitive formal dual sets.
Proposition 5.10. Let G be a group and p be a prime divisor of |G|. Suppose exp(G p ) = p e . Let H be a cyclic subgroup of order p e and a direct factor of G. Suppose ρ : G → H is the natural projection and S is an even set and a primitive subset in G. Then the following holds.
(1) For any y ∈ H and i ∈ Z * p e , we have [ρ(S)ρ(S)
which forces e ∈ {1, 2}. If e = 2, let h be a generator of H ∼ = Z p 2 . Note that the equalities hold in the above expression and [ρ(S)ρ(S) (−1) ] 1 = |S|. This implies that ρ(S) is indeed a subset of H. Since S is a primitive subset, we can easily see that {ρ(S)ρ(S) Consequently, we must have e = 1 and G p is elementary abelian. Suppose S and T forms a primitive formal dual pair in G. By Proposition 2.14(2), p |T |. By Proposition 2.14(1), p 2 |G|. Hence, G p contains a subgroup isomorphic to Z p × Z p . Remark 5.13. For every abelian group of order up to 45, up to equivalence, we can either list all primitive formal dual sets in it or establish a nonexistence result. See Table 6 .1 in Appendix A. This classification is achieved by exploiting Proposition 2.12(1)(3), Proposition 2.14(1)(2), Theorems 5.1, 5.3, 5.8, Proposition 5.9 and Corollary 5.11, together with a computer search. We note that the computer search for the next interesting case, the abelian group of order 48, is very time-consuming.
Concluding remarks
Formal duality was proposed in [5] , which reflects a deep symmetry among energy-minimizing periodic configurations. Following the idea in [4] , formal duality between two periodic configurations can be translated into a combinatorial setting, namely, a formal dual pair in a finite abelian group. In this paper, we initiate a systematic investigation on formal dual pairs in finite abelian groups. For primitive formal dual pairs in finite abelian groups, we derive some nonexistence results. They are in favor of the main conjecture, which claims there are only two small examples of primitive formal dual pairs in cyclic groups. On the other hand, for primitive formal dual pairs in noncyclic groups, we give three constructions living in elementary abelian groups or product of Galois rings. A reflection on our constructions motivates us to propose the concept of even sets, which provide more structural information of formal dual pairs. Moreover, the even sets viewpoint leads to a characterization of rank three primitive formal dual pairs, which sheds some new light on the main conjecture.
We note that there are still a lot of problems about formal dual pairs which deserve further investigation and we mention a few below.
(1) Construct new primitive formal dual pairs which are inequivalent to the known ones. Our constructions suggest there might be more in noncyclic groups.
(2) Note that for each known (n, n, n, 1)-RDS in G relative to N , we have N ∼ = N . Therefore, for all known examples, the converse of Theorem 4.19 is also true. Is there any (n, n, n, 1)-RDS in G relative to N , such that N ∼ = N ? We expect that this is not possible. (2), we only need to consider the groups whose order are not square-free. By Proposition 2.14(1), we only focus on subset S of group G, such that |S| |G|. By the symmetry between the two subsets in a formal dual pair, we only list the primitive formal dual set S in G, with |S| ≤ |G|. Note that every rank three primitive formal dual set S in G, satisfying 3 ≤ |S| ≤ 6 and |G| ≤ |S| 2 , is marked by ⋆ in Table 6 .1. Case III(a3): H 1 ∩ H 3 = {1} and H 2 ∩ H 3 = {1}. Similar to Case III(a2), we can show that c 1 = c 2 = 1. Therefore, we get |S| = 3 and |G| ≤ 9. Together with Corollary 5.11(2), we have G ∼ = Z 3 × Z 3 . Note that the action of affine group AGL(2, 3) on the elements of Z 3 × Z 3 is 2-transitive [9, Exercise 2.8.13]. We can assume after a proper transformation of S, we get S ′ = {(1, 0), (0, 1), (z 1 , z 2 )}, where (z 1 , z 2 ) ∈ {(0, 0), (1, 0), (0, 1), (1, 1), (1, 2), (2, 1), (2, 2)}.
If (z 1 , z 2 ) = (2, 2), then S ′ S ′(−1) = 3((0, 0) + (1, 2) + (2, 1)). Therefore, SS (−1) equals three copies of an order three subgroup of Z 3 × Z 3 , which means S is not primitive by Lemma 2.18. In the remaining cases, it is easy to verify that S ′ , and hence S, is a (3, 3, 3, 1 Since H 1 ∩ H 3 = {1}, H 2 ∩ H 3 = {1} and |H 1 ∩ H 2 | = 2, by (6.9) and (6.10), Together with Corollary 5.11(2), we have G ∼ = Z 5 × Z 5 , which contradicts to |H 1 ∩ H 2 | = 3. Case III(b3): c 12 = 3. Since |S| = λ 1 + λ 2 + λ 3 = 1 + c 1 + c 2 + c 12 ≤ 6, we have |S| = 6, c 1 = c 2 = 1, λ 1 = λ 2 = λ 3 = 2 and |G| ≤ 36. By (6.5) and (6.6),
Since c 1 = c 2 = 1, by (6.7) and (6.8), If exactly one of H 1 ∩ H 3 and H 2 ∩ H 3 is {1}. We assume without loss of generality that H 1 ∩ H 3 = {1} and H 2 ∩ H 3 = {1}. By (6.11), we have |H 2 ∩ H 3 | = 2. Together with |H 3 \ (H 1 ∪ H 2 )| = 1, we have |H 3 | = 3, which leads to a contradiction since |H 2 ∩ H 3 | ∤ |H 3 |.
If H 1 ∩ H 3 = H 2 ∩ H 3 = {1}, by (6.9), (6.10) and |H 1 ∩ H 2 | = 4,
Therefore, |span{H 1 , H 2 }| = 16. |span{H 1 , H 2 }| |G| and |S| |G| implies 48 |G|. We derive a contradiction on the size of G.
